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KOSZUL DUALITY IN HIGHER TOPOI
JONATHAN BEARDSLEY AND MAXIMILIEN PE´ROUX
Abstract. We show that for any pointed and k-connective object X of an
n-topos X for 0 ≤ n ≤ ∞ and k > 0, there is an equivalence between the
∞-category of modules in X over the associative algebra ΩkX, and the ∞-
category of comodules in X for the cocommutative coalgebra Ωk−1X. Along
the way, we also show that Lurie’s straightening-unstraightening equivalence
holds over an (n− 1)-groupoid in any n-topos for 0 ≤ n ≤ ∞.
1. Introduction
Classical Koszul duality, sometimes called bar-cobar duality, gives an equiva-
lence between suitably “derived” versions of algebras and coalgebras in a symmetric
monoidal category equipped with some notion of “homotopy theory” (e.g. a Quillen
model category or an ∞-category). This general idea has many manifestations in
algebra, topology and category theory. In the topological case, the duality relation-
ship between algebras and coalgebras manifests as a relationship between connected
spaces X , which are cocommutative coalgebras via the diagonal map, and their as-
sociated loop spaces ΩX , which are A∞-algebras in the category of spaces (or
equivalently between grouplike A∞-algebras and their associated deloopings BY ).
It was shown in [May72, Section 13] that every grouplike A∞-algebra in spaces
is equivalent to the space of loops on a connected space. By working with simplicial
sets, this is extended to a Quillen equivalence of model categories between simpli-
cial groups and reduced simplicial sets (which model pointed, connected spaces) in
[GJ09, Theorem 6.3, Corollary 6.4]. In this work, we generalize this type of result
in two different directions: first we show that such a result holds in an arbitrary
n-topos (though this is already essentially a result of Lurie); then we show that this
extends to a duality relationship of categories, between modules over an algebra
and comodules over its Koszul dual coalgebra.
This relationship between modules and comodules is already established in the
literature for the category of spaces. Recall that there is an equivalence between
spaces over a space X , and comodules for the diagonal coalgebra structure of X
(this fact is relatively well known but also follows from our Corollary 3.14). Then
for an arbitrary space X , the duality between left ΩX-modules and X-comodules in
spaces is given in [DDK80, Theorem 2.1] and [Shu08, Theorem 8.5] (for simplicial
sets and topological spaces, respectively). There is also a pointed version of this
equivalence given (after localizing) in [HS16, Theorem 4.14].
In this note, following [Lur09, Lur17], we will use the∞-category of∞-groupoids,
denoted S, to model topological spaces or simplicial sets. This ∞-category has the
added benefit of being an ∞-topos. In fact, it is the canonical example of an ∞-
topos and all other ∞-topoi behave similarly to S in many important ways. The
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most common examples of∞-topoi are∞-categories of sheaves of spaces and certain
localizations thereof. More generally, one can work with n-topoi for 0 ≤ n ≤ ∞.
The canonical n-topos is the ∞-category of ∞-groupoids whose homotopy groups
are concentrated in degree n− 1 and below, which we will denote by τ≤n−1S. Sim-
ilarly to ∞-topoi, the most common examples of n-topoi are sheaves of homotopy
n-types. Going forward, the term n-topos will allow refer to both the finite case,
0 < n <∞, and the infinite case n =∞, as many of our results hold for both.
An especially nice property of n-topoi for is that they admit all (small) limits and
colimits, so they always have a symmetric monoidal structure via the categorical
product. As a result, every object of an n-topos is a cocommutative coalgebra (cf.
Corollary 3.14). In Theorem 2.2, which is a resatement of a result of Lurie, we give
an equivalence between connected pointed objects of an∞-topos and group objects
of the same ∞-topos. To situate this as a Koszul duality result, we rephrase it as
a relationship between algebras and coalgebras.
In our main result, Theorem 3.1, we extend the equivalence between algebras and
coalgebras to one between categories of modules and comodules over those algebras
and coalgebras in any n-topos. In particular since any n-topos X admits a finite
limit preserving functor from the n-topos of (n− 1)-groupoids pi∗ : τ≤n−1S → X ,
every looping of an (n− 1)-groupoid ΩX defines a group object pi∗(ΩX) ∈ X and
every (n − 1)-groupoid X defines a cocommutative coalgebra pi∗X ∈ X . So as a
special case, our result gives an alternative “coalgebraic” description of the objects
in any n-topos equipped with an action of a loop space. This special case can also
be thought of as an n-toposic version of the the Grothendieck construction and its
inverse (cf. Lemmas 3.9 and 3.10). This generalizes a theorem of Schreiber [Sch13,
Theorem 3.4.20].
Acknowledgements. Several people were very helpful to us in writing this paper.
We thank: Charles Rezk for outlining the main ideas of the proof of Lemma 3.9;
Peter Haine for pointing out [Lur17, Remark 5.2.6.28] and for helping us under-
stand the material in [Lur09] on n-topoi for n < ∞; Omar Antol´ın-Camarena for
suggesting that ∞-topoi might be the easiest sorts of categories in which to prove
Koszul duality type statements; Rune Haugseng for pointing out that we could use
[HMS19, Corollary 2.6.6] to prove Lemma 3.13 in the ∞-categorical setting.
Notation 1.1. We begin by setting some notation that we will use throughout and
recalling some elementary notions of the theory of ∞-categories and ∞-topoi.
(1) We use the much of the notation and terminology of [Lur09] and [Lur17].
In particular, we write Cat∞ and S to refer to the ∞-categories of small
∞-categories and ∞-groupoids, respectively.
(2) If C is a presentable ∞-category then it admits all (small) colimits, and
so is tensored over ∞-groupoids, as described in [Lur09, Remark 5.5.1.7].
As such, given any A∞-algebra A in S, we can consider left modules over
A in C as in [Lur17, Definition 4.2.1.13]. We will denote this category by
LModA(C).
(3) Let C be a O-monoidal ∞-category, as in [Lur17, 2.1.2.15], where O⊗
is an ∞-operad. Recall that there is an induced O-monoidal structure
on the opposite category Cop, see [Lur17, 2.4.2.7]. An O-coalgebra in C
is an O-algebra in Cop. We denote the ∞-category of O-coalgebras by
CoAlgO(C) := AlgO(C
op)op. Given an O-coalgebra C in C, we denote the
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∞-category of left comodules over C in C by:
LCoModC(C) := LModC(C
op)op,
and similarly, we use RCoModC(C) to denote right comodules.
(4) When we say (co)associative (co)algebras and (co)commutative (co)algebras
we will mean A∞-(co)algebras and E∞-(co)algebras respectively.
(5) We will make frequent use of colimits and limits over constant diagrams, so
to simplify notation, whenever we wish to denote the colimit or limit of a
constant diagram at U over an indexing category C, we will write colimCU
or limCU , respectively. The category within which this colimit or limit is
being taken will always be clear from context.
(6) If an ∞-category C has a terminal object, we will denote this terminal
object by 1C. In particular, we will write 1S for a contractible∞-groupoid.
(7) We use the terms n-topos and ∞-topos in the sense of [Lur09]. These are
∞-categories that behave like the ∞-category of (n− 1)-groupoids and ∞-
groupoids respectively. It would be more precise to use the terminology
(∞, 1)-topoi and (n, 1)-topoi, but we follow [Lur09] in omitting the second
index, as we will never work with ∞-categories whose non-edge cells are
not invertible.
(8) For a pointed object X in an ∞-topos X , we will write ΩX to denote the
“loop space” object of X , i.e. the pullback of the cospan 1X → X ← 1X
determined by the pointing.
(9) An ∞-topos X admits a geometric morphism pi : X → S (cf. [Lur09,
§6.3.1] and [Lur09, Proposition 6.3.4.1]). This implies that there is a functor
pi∗ : S → X which preserves colimits and finite limits. Therefore, for any
Kan complex X there is an object pi∗(X) ∈ X which we think of as X
pulled back along pi. Because the functor pi∗ preserves colimits and terminal
objects and any ∞-groupoid may be written as X ≃ colimX1S, we have
that pi∗(X) ≃ colimX1X . In particular, if X ≃ S, then pi
∗ ≃ IdX .
(10) Similarly, if X is an n-topos then there is a unique geometric morphism
of n-topoi pi : X → τ≤n−1S, where τ≤n−1S is the ∞-category of (n − 1)-
groupoids (i.e. ∞-groupoids with trivial homotopy groups above degree
n − 1). Thus every (n − 1)-groupoid X can be pulled back to an object
pi∗(X) ≃ colimX1X ∈ X .
2. Koszul Duality in Higher Topoi for Coalgebras and Algebras
Let 0 < k < ∞. Let C be an Ek-monoidal ∞-category, which admits both
totalizations of cosimplicial objects and geometric realizations of simplicial objects.
Then, recall from [Lur17, 5.2.3.6, 5.2.3.9], there is a bar-cobar adjunction:
Alg
aug
Ek
(C) CoAlgcoaug
Ek
(C),
Bark
⊥
CoBark
induced by the iterated bar and cobar constructions. The adjunction is in general
not an equivalence of ∞-categories.
We shall be interested in the cases where C is endowed with its Cartesian sym-
metric monoidal structure and is either an ∞-topos an n-topos X .
Remark 2.1. As noted in [Lur17, 5.2.6.12], the k-fold cobar construction CoBark
is equivalent to the k-fold “loop space” construction X 7→ ΩkX in X . Indeed,
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in any ∞-category C with a Cartesian symmetric monoidal structure, the cobar
construction on a pointed connected object X can be computed as the pullback of
the cospan 1C → X ← 1C where both maps are the given pointing. Note that, in
the case that X ≃ S, the object ΩX is equivalent to the usual space of based loops
on X [Lur17, Remark 5.2.6.12]. Moreover, since for any topos X the pullback
functor pi∗ : S → X preserves finite limits, we have that Ωpi∗(Y ) ≃ pi∗(ΩY ) for any
∞-groupoid Y .
Every object of a Cartesian symmetric monoidal∞-category is naturally an E∞-
coalgebra (as recorded below in Corollary 3.14). If the object is pointed, then it
can be thought of as a coaugmented coalgebra. In a Cartesian symmetric monoidal
∞-category, all Ek-algebras are naturally augmented as the unit object is terminal,
and thus:
Alg
aug
Ek
(C) ≃Alg
Ek
(C).
As noted in [Lur17, 5.2.6], the bar-cobar adjunction fails to be an equivalence,
even in the ∞-topos of spaces, for two reasons.
(1) A map f : X → Y of pointed spaces induces a weak homotopy equivalence
ΩkX → ΩkY , as long as f induces an isomorphism on each homotopy
groups of degree k or higher. We thus need to consider k-connective objects
on the side of coalgebras in the bar-cobar adjunction. Recall that a space X
is k-connective if it is pointed and all its homotopy groups vanish in degrees
less than k. This definition extends naturally to any ∞-topos (cf. [Lur09,
Definition 6.5.1.1, Definition 6.5.1.10]) and we give a simple generalization
of this to n-topoi (for k ≤ n) in Definition 2.11.
(2) If Y is an Ek-algebra in spaces, then its E1-multiplication induces a monoid
structure on its path-components pi0(Y ). An equivalence Y ≃ Ω
kX would
imply that pi0(Y ) ∼= pik(X), making pi0(Y ) into a group. We therefore need
to consider grouplike Ek-algebras in the sense of [Lur17, 5.2.6.6] on the side
of algebras in the bar-cobar adjunction.
However, by accounting for the above issues, Lurie obtains an equivalence in
∞-topoi equipped with the Cartesian symmetric monoidal structure:
Theorem 2.2 ([Lur17, 5.2.6.15]). Let 0 < k <∞. Let X be an ∞-topos, endowed
with the Cartesian symmetric monoidal structure. Then the iterated cobar construc-
tion induces an equivalence between coaugmented E∞-coalgebras of k-connective ob-
jects in X and grouplike Ek-algebras in X :
Ωk : X ≥k∗ ≃ CoAlg
coaug
E∞
(X ≥k)
≃
−→Alg
gp
Ek
(X ).
This theorem also holds in n-topoi for 0 < n < ∞, although we will have to
extend certain definitions and lemmas from [Lur09] to that setting before providing
a proof.
Corollary 2.3. Let X be an n-topos endowed with the Cartesian symmetric mono-
idal structure. Then the cobar construction induces an equivalence between coaug-
mented E∞-coalgebras of k-connective objects in X , for 0 < k ≤ n and grouplike
Ek-algebras in X :
Ωk : X ≥k∗ ≃ CoAlg
coaug
E∞
(X ≥k)
≃
−→Alg
gp
Ek
(X ).
Definition 2.4. Let C be an ∞-category and −2 ≤ k ≤ ∞. Following [Lur09,
Definition 5.5.6.1] we say that an object X of C is k-truncated if for every object
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Y ∈ C the mapping space MapC(Y,X) is a k-truncated space (i.e. has trivial
homotopy groups in degrees greater than k). We denote the full subcategory of
k-truncated objects of C by τ≤kC.
Remark 2.5. Recall that a space is (−2)-truncated if it is contractible and non-
empty and (−1)-truncated if it is contractible or empty.
Proposition 2.6. Let X be an n-topos for 0 ≤ n ≤ ∞. Then every object of X
is (n− 1)-truncated.
Proof. For the case of n = ∞, the statement is vacuously true. For n < ∞, the
claim follows from [Lur09, Proposition 6.4.5.7] which states that any n-topos is
equivalent to the full subcategory of (n− 1)-truncated objects of an ∞-topos (and
being (n− 1)-truncated is stable under equivalence of ∞-categories). 
Proposition 2.7. Let X be an n-topos for 0 ≤ n ≤ ∞ and let τ≤kX be the full
subcategory of k-truncated objects of X for k ≥ −2. Then there is a finite product
preserving left adjoint to the inclusion τ≤kX ⊆X .
Proof. In the case of n = ∞, this is the content of [Lur09, Proposition 5.5.6.18,
Lemma 6.5.1.2]. In the case of n < ∞, the fact that the inclusion τ≤kX ⊆ X
admits a left adjoint still follows from [Lur09, Proposition 5.5.6.18] (which holds
for all ∞-categories) but we need to be slightly more careful with asking that this
adjoint preserve products, as [Lur09, Lemma 6.5.1.2] only applies to ∞-topoi as
written. However, it’s not difficult to see that the proof of the above cited lemma
can be extended to n-topoi at each step once one recalls that n-topoi are left exact
localizations of presheaf categories valued in (n − 1)-truncated spaces (by [Lur09,
Definition 6.4.1.1]). 
Remark 2.8. There are several edge cases in the above proposition that it may be
helpful to clarify. In the case that k ≥ n−1, both the inclusion τ≤kX ⊆ X and its
left adjoint are the identity functor. In the case that k = −2, the category τ≤kX
is the terminal category (the unique (−1)-topos) and the inclusion τ≤kX ⊆ X is
the functor picking out the terminal object of X whose left adjoint is the terminal
functor. In the case that k = −1, τ≤kX is the poset of subobjects of the terminal
object of X (recall from [Lur09, Section 6.4.2] that 0-topoi are precisely locales).
Definition 2.9. We write τ≤k : X → τ≤kX for the left adjoint to the inclusion
τ≤kX ⊆X obtained from Proposition 2.7.
Remark 2.10. It follows from Proposition 2.7 that truncation functors are always
symmetric monoidal with respect to Cartesian symmetric monoidal structures on
n-topoi.
Definition 2.11. Let X be an n-topos for 0 ≤ n ≤ ∞. Then we say that an
object X ∈ X is k-connective for k ≥ −1 if τ≤k−1X is a final object of X . We
denote the k-connective objects of X by X ≥k.
Remark 2.12. The definition of k-connective objects in an ∞-topos given in
[Lur09, Definition 6.5.1.10] is slightly different than ours, but is equivalent as a
result of [Lur09, Proposition 6.5.1.12]. For convenience, we use Definition 2.11 for
k-connective in objects an n-topos for finite n as well, though it can be shown to
be equivalent to the obvious n-toposic modification of [Lur09, Definition 6.5.1.10].
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Lemma 2.13. Let X be an n-topos for 0 ≤ n ≤ ∞ and let X ∈X be k-connective.
Then τ≤jX is k-connective for any j ≥ −2.
Proof. Because X is k-connective, we have that τ≤k−1X is final in X . Because τ≤j
is a left adjoint, it preserves final objects. 
Remark 2.14. In the following proof, and later in the paper, we will need to use
the fact that for any n-topos X , there is an ∞-topos Y with the property that
τ≤n−1Y ≃ X . This is a special case of [Lur09, Proposition 6.4.5.7].
Proof of Corollary 2.3. Let Y be a n-localic ∞-topos, whose (n− 1)-truncation is
equivalent to X , i.e. τ≤n−1Y ≃ X . Using Lemma 2.13, we have:
τ≤n−1(Y
≥k
∗ ) ≃
(
τ≤n−1(Y
≥k)
)
∗
≃ (τ≤n−1Y )
≥k
∗ ≃ X
≥k
∗ .
Since the truncation functor τ≤n−1 is symmetric monoidal with respect to Cartesian
monoidal structures, there is a lift:
τ≤n−1 : Alg
gp
Ek
(Y )→ τ≤n−1Alg
gp
Ek
Y ⊆Alg
gp
Ek
X
It is not hard to see that this functor must be essentially surjective: the inclusion
i : X ≃ τ≤n−1Y ⊆ Y is a right adjoint, so preserves limits, and is therefore
symmetric monoidal. Thus an Ek-algebra object A of X is also an Ek-algebra
object of Y , and remains (n − 1)-truncated. Therefore we have an equivalence of
Ek-algebras A ≃ τ≤n−1i(A). From this we deduce the following equivalence:
τ≤n−1
(
Alg
gp
Ek
(Y )
)
≃ Alg
gp
Ek
(τ≤n−1Y ) ≃ Alg
gp
Ek
(X ).
Apply Theorem 2.2 to conclude. 
3. Koszul Duality in Higher Topoi for Comodules and Modules
Our main result is the following theorem.
Theorem 3.1. Let 0 < k <∞. Let n ≥ 0. Let X be an n-topos equipped with the
Cartesian symmetric monoidal structure. If X is a pointed and k-connective object
of X , then there is an equivalence of ∞-categories:
LCoModΩk−1X(X ) ≃ LModΩkX(X ).
Furthermore, if X ≃ pi∗(Y ) for an (n − 1)-groupoid Y , both of the above ∞-
categories are equivalent to Fun(Ωk−1Y,X ).
Remark 3.2. Note that, in the above theorem, we could have equivalently written
RCoMod or CoMod in place of LCoMod because every object in the Cartesian
monoidal structure is a cocommutative coalgebra (see Corollary 3.14 below), but
we cannot make the same simplifications for the categories of modules.
We provide some examples below to help illustrate the utility of this theorem:
Example 3.3. Let X be a 1-topos of sheaves of sets on a site. Then the only
1-connective object (recall that in Theorem 3.1 we must have the connectivity
k > 0) is the constant sheaf valued in the one element set, i.e. the terminal object
1X . This sheaf is also the pullback of the one element set along the geometric
morphism pi : X → Set, so we have the (unsurprising) equivalence
X ≃X/1X ≃ CoMod1X (X ) ≃ LMod1X (X )
In other words, Koszul duality is not interesting in the classical, underived setting.
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Example 3.4. Let Gpd be the 2-topos of groupoids (i.e. homotopy 1-types). Then
the 1-connective objects are precisely the objects of the form BG, or K(G, 1), for
G a discrete group, thought of as a one object groupoid with morphisms equivalent
to G. Then Theorem 3.1 identifies the ∞-category of groupoids over BG with the
∞-category of groupoids with G-action. A similar statement holds for the 2-topos
of sheaves of groupoids (i.e. stacks) on any site.
Example 3.5. Let X be an∞-topos of simplicial sheaves on a category equipped
with a Grothendieck topology and let X be any space. Suppose pi : X → S is the
unique geometric morphism. Then there is an equivalence of∞-categories between
sheaves in X with a morphism to the constant sheaf pi∗(X) and sheaves in X with
an action by the loop space ΩX .
We prove Theorem 3.1 using several of the lemmas below. The next result is a
restatement of Lurie’s.
Lemma 3.6 ([Lur17, 5.2.6.28]). Let X be a pointed and connected object of an
∞-topos X . Then there is an equivalence of ∞-categories:
LModΩX(X ) ≃ X/X .
The following application of Lemma 3.6 was suggested to us by Peter Haine.
Corollary 3.7. Let X be a pointed and connected object of an n-topos X . Then
there is an equivalence of ∞-categories:
LModΩX(X ) ≃ X/X .
Proof. Let Y be the n-localic ∞-topos whose n-truncation is equivalent to X ,
i.e. τ≤n−1Y ≃ X . By Lemma 3.6 we have an equivalence:
LModΩX(Y ) ≃ Y/X .
On one hand, X is (n − 1)-truncated and we have τ≤n−1X ≃ X . Consequently
there is an equivalence τ≤n−1(Y/X) ≃ τ≤n−1(Y )/X ≃ X/X . By an argument
identical to the one given in the proof of Corollary 2.3 (where we replace algebras
with modules), there is an equivalence:
τ≤n−1LModΩX(Y ) ≃ LModτ≤n−1ΩX(τ≤n−1Y ) ≃ LModΩX(X ).
Note that in the above equivalence we have made use of the fact that, if X is
(n− 1)-truncated, then so is ΩX (cf. [Lur09, Proposition 5.5.6.5]). 
We now specialize to the case that our objectX is the pullback of an∞-groupoid,
i.e. X ≃ pi∗(Y ) for Y ∈ S.
Lemma 3.8. For a connected∞-groupoid X and a presentable ∞-category E there
is an equivalence of ∞-categories LModΩX(E) ≃ Fun(X,E).
Proof. As a result of [Lur17, Theorem 4.8.4.1] we have an equivalence:
LinFunLS (RModΩX(S),E) ≃ LModΩX(E),
where LinFunLS (RModΩX(S),E) is the ∞-category of colimit preserving func-
tors from RModΩX(S) to E that are linear with respect to the tensoring over
S. Note however that the functors RModΩX(S) → E which are S-linear, in
the sense of [Lur17, Definition 4.5.2.7], are exactly the functors preserving col-
imits of functors indexed by ∞-groupoids (this follows from the fact that both S
8 JONATHAN BEARDSLEY AND MAXIMILIEN PE´ROUX
and E are tensored over S by taking colimits, as in [Lur09, Remark 5.5.1.7]), so
LinFunLS (RModΩX(S),E) is exactly the∞-category of colimit preserving functors
from RModΩX(S) to E, i.e. there is an equivalence of ∞-categories:
LinFunLS (RModΩX(S),E) ≃ Fun
L(RModΩX(S),E).
By Lemma 3.6 there is an equivalence: RModΩX(S) ≃ S/X . By the straightening
construction of [Lur09], there is an equivalence S/X ≃ Fun(X
op,S). Because X
is an ∞-groupoid, there is a canonical equivalence Xop ≃ X , which gives the
equivalence S/X ≃ Fun(X,S). By [Lur09, Theorem 5.1.5.6] we have that colimit
preserving functors out of Fun(X,S) are equivalent to functors out of X , i.e. (since
E is presentable and therefore cocomplete) there is an equivalence:
FunL(Fun(X,S),E) ≃ Fun(X,E).
Therefore, we have an equivalence:
LModΩX(E) ≃ LinFun
L
S (RModΩX(S),E) ≃ Fun(X,E),
which completes the proof. 
Lemma 3.9. For an ∞-topos X and a connected ∞-groupoid X, there is an
equivalence of ∞-categories Fun(X,X ) ≃X/pi∗(X).
Proof. We show that both Fun(X,X ) and X/pi∗(X) are equivalent to limXX , the
limit in the ∞-category of ∞-categories, Cat∞, of the constant diagram valued
in X . Since X ≃ colimX1Cat∞ is the colimit of the constant diagram valued in
the terminal Kan complex (thought of as an ∞-category), we have, in Cat∞, an
equivalence:
Fun(X,X ) ≃ Fun(colimX1Cat∞ ,X ) ≃ limXFun(1Cat∞ ,X ) ≃ limXX .
Now recall from [Lur09, Lemma 6.1.1.1] that there is a Cartesian (and coCarte-
sian) fibration p : OX → X whose fibers over U ∈ X are the slice ∞-topoi X/U .
This fibration has an associated functor (by straightening) FX : X
op → Cat∞,
U 7→ X/U . By applying [Lur09, Proposition 6.1.3.10] to [Lur09, Theorem 6.1.3.9
(3)], we get that FX takes colimits in X to limits in Cat∞ (in fact in Pr
L, the sub-
∞-category of presentable ∞-categories and left adjoints). Recall that the pullback
along the geometric morphism pi : X → S preserves colimits and terminal objects
(cf. [Lur09, Definition 6.3.1.5]), so pi∗(X) ≃ pi∗(colimX1S) ≃ colimXpi
∗(1S) ≃
colimX1X . So we have that FX (pi
∗(X)) ≃ X/pi∗(X) ≃ limXX/1X ≃ limXX .
This completes the proof. 
Lemma 3.10. For an n-topos X and a connected (n− 1)-groupoid X, there is an
equivalence of ∞-categories Fun(X,X ) ≃X/pi∗(X).
Proof. The proof proceeds identically to that of Lemma 3.9 except that we must
apply [Lur09, Propositions 6.4.4.6, 6.4.4.7] to [Lur09, Theorem 6.4.4.5 (3)], instead
of [Lur09, Proposition 6.1.3.10] to [Lur09, Theorem 6.1.3.9]. It is helpful to notice
that, in the application of [Lur09, Theorem 6.4.4.5] here, every diagram indexed by
a connected (n− 1)-groupoid (which is just a certain kind of ∞-groupoid) consists
of (−2)-truncated morphisms, i.e. equivalences, because every morphism in an ∞-
groupoid is an equivalence and there is an equivalence between every vertex of a
connected ∞-groupoid. 
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Remark 3.11. The above lemmas may be thought of as a generalized straightening
and unstraightening, or the Grothendieck construction and its inverse, for n-topoi
for 0 ≤ n ≤ ∞.
Remark 3.12. In [Sch13, Theorem 3.4.20], Schreiber describes a special case of
our Lemma 3.9 which only holds for ∞-topoi with the additional (and somewhat
strong) property of having an∞-connected site of definition. The reader is referred
to the above citation for definitions and further results on such ∞-topoi.
Lemma 3.13. If E is coCartesian symmetric monoidal ∞-category then every
object of E is a commutative algebra and for any X ∈ E there is an equivalence
LModX(E) ≃ RModX(E) ≃ E
\X .
Proof. It is shown in [Lur17, Corollary 2.4.3.10] that every object of E is a com-
mutative algebra. The equivalence LModX(E) ≃ RModX(E) follows from [Lur17,
Corollaries 4.5.1.6, 5.1.4.11].
From [HMS19, Corollary 2.6.6], we have that for any cocartesian symmetric
monoidal ∞-category E, there is an equivalence between algebras in E for the bi-
module ∞-operad BM⊗ (whose algebras are triples (A,M,B) where A and B are
A∞-algebras and M is an (A,B)-bimodule, as described in [Lur17, Section 4.3.2])
and functors Fun(Σ1,op,E) where Σ1 is the span category • ← • → •. The algebras
of BM⊗ for fixed algebras A and B are denoted ABModB(E). Thus we have an
equivalence between ABModB(E) and diagrams in E of the form A→ X ← B. Us-
ing [Lur17, Corollary 2.4.3.10] and recalling that the tensor unit of E is the initial
object, we obtain for any object X ∈ E an equivalence:
LModX(E) ≃ XBMod1E(E) ≃ E
\X . 
Corollary 3.14. Let E be a Cartesian symmetric monoidal ∞-category. Then
every object of E is a cocommutative coalgebra and for any X ∈ E there are equiv-
alences LCoModX(E) ≃ RCoModX(E) ≃ E/X .
Proof. Apply Lemma 3.13 to Eop. 
Proof of Theorem 3.1. Let us first show the case k = 1. Let X be a pointed con-
nected object in X . The first desired statement is a combination of Corollary 3.7
(or Lemma 3.6 when n =∞) and Corollary 3.14 where E = X :
LCoModX(X ) ≃ X/X ≃ LModΩX(X ).
The second statement for X ≃ pi∗(Y ), where Y is an (n− 1)-groupoid, follows from
Lemma 3.10 (or Lemma 3.9 when n =∞).
Now assume 0 < k <∞. Let X be a pointed k-connective object in X . Define
X ′ := Ωk−1X . Since X ′ is 1-connective (i.e. connected) if and only if X is k-
connective, we obtain directly:
LCoModX′(X ) ≃ X/X′ ≃ LModΩX′(X ),
from the case k = 1. Moreover, if X ≃ pi∗(Y ) for some (n − 1)-groupoid Y , then
we get:
X ′ = Ωk−1X ≃ Ωk−1pi∗(Y ) ≃ pi∗(Ωk−1Y ),
as the functor pi∗ : S → X preserves finite limits. Hence we apply again Lemma
3.10 (or Lemma 3.9 if n =∞) to conclude. 
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